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Abstract: This paper is devoted to symmetric mixture stable-like processes on metric measure space.Assume that the process
enjoys upper bounds of heat kernel,characterization of near diagonal lower bounds of heat kernel is given.Different from previous
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1. Introduction
Let (M, d, 1) be a measurable metric space,where the support of H is the whole space M.Consider the following symmetric

regular Dirichlet form on L2(M; 1)

E(f.9) =f (F) — F)) (900 — g) J(dx.dy), f.g €T,

MxM\diag

F = {f € L2(M; : E(f.f) < o0}

Where diag represents the diagonal set {(x, x): x € M}.Let {fa D(ﬁ))be the L2generator of Dirichlet form (&, F),and let
X = (X;)=obe the symmetric Hunt process generated by the regular Dirichlet form (&, F).We denote the Markov semigroup
corresponding to £by (Pg)y=p,50 that there exists an exception set V' € Msuch that there is a bounded measurable function over
any M.

P.f(x) =E*f(X,), x€My=M\WN.

Call the non-negative measurable function p(t, x,y)on Mg X Mgthe heat kernel corresponding to the semigroup {P}y=g.if for
any t > 0,there is

EF() = Pf (0 = [ pCx1)F) K@), % € Mo.f € L20H: ).

In recent years,a large number of literature have given heat kernel estimates of non-local regular Dirichlet form (&, F).For
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example,!'Mfirst establishes a bilateral estimate of heat kernel of symmetrically tt-stable processes on d-sets,and then®obtains
the correlation properties of heat kernel of symmetrically mixed @-stable processes in the metric measure space.!"?requires that
a € (0,2)or the Scaling function it involves belongs to(0,2).Recently,*has established an equivalent characterization of heat kernel
bilateral estimators for symmetric mixed g-stable processes in the general metric measure space,which particularly provided stability
conclusions for the heat kernel to hold. The relevant conclusions on non-local Dirichlet form heat kernel can be seen in*>¢,

In fact,an equivalent characterization of the symmetric mixed g-stable heat kernel upper bound is also given in*. The lower
bound estimation is divided into two steps.Firstly,the estimation near the diagonal is considered.In addition to using the upper bound
estimation, it usually needs to use the continuity of the elliptic harmonic function.Secondly,the Lévy system is used to provide the
lower bound estimation outside the diagonal.It should be noted here that the continuity of non-local Dirichlet harmonic functions is a
very profound subject,see!’®. The purpose of this paper is to show the equivalent characterization of the lower bound estimation near
the heat kernel diagonal,which is closely related to the continuity of the operator function space.

2. Lower Bound Estimation Near the Heat Kernel Diagonal

We say that the measurable metric space (M, d, u)satisfies the volume multiplication condition (VD),if there is a constant
Cy = 1such that for any x € Mand 1 > 0,

V(x2r) < C V(). )

Itis easy to see that the VD condition(1)is equivalent to the existence of constants d > 0 and E': >0 such that forany x € M
and § = 1 > 0 there is

— sy 2
V(x,s) < Cp(;) Vix,1). 2)

Ameasurable metric space (M, d, u)satisfies the reversible volume multiplication condition (RVD),if there are constantsd; >0

and €, > 0 such that forany x € Mand0 < r <R,

I RV 3
TB)e =R ©

Theorem 2.1.Suppose the measurable metric space (M, d, p)satisfies the (VD)condition,and the heat kernel upper bound

(UHK)holds,that is,there are constants o > 0, Cy >0 such that for any £ > 0,almost everywhere x, y € M,

1 t
p(txy) <Co (v(x,tlr‘ﬂ} A I-’[x,d(x,y)]d“(x.y)) ’ “)
At the same time,there are p>1, f>d/p C; > 0such that for any f € F, x,y € Mholds
_ _OF@y) e

So,there exist cg, €5 > 0,such that when d(x,y) < ¢t}/® there is

Ca
=i
P(t 1Y) 2 5m. (©)
We first use the YD) condition and(4)to prove the lower bound estimate on the diagonal,that is,for any ¢ = (0 ,almost everywhere

x € M.there is
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p(t, x,x) = (N

.
V(xtl/®)"
In fact,according to(4),for >0

p(t.x,y) pldy) < & f n(xceve) V(% d(x, ) d%(x,y)

| u(dy)
M\B(xCt =)

=0 i j : p(dy)
& J p(ucar e p(xcavetse) V(% d(x,))d* (x,y)

o

t
= = d
“ V(x, 28 ct/=)(c ke Z J B(x.C2K+ 1 /) B(x L2kl /e Hy)
% ( INB( )

=0

o tV(x, C2FH1El/e)
=C3 Z

Ly(x, c2 ey (2 ey

[
c 1
= Zz_h
k=0

Where ¢3 > 0 does not depend on C.Thus,for Clarge enough,

RS

®)

1
ptx.y) ndy) <s.
M\B(x.Ct'/™)

So,for any ¢ > (0,almost everywhere y e M,there is
1
IB(mifa)P(t, x,y) p(dy) = 5 )

Next,we will explain that(7)holds true.By using Markov property and the symmetry of p(t, x, y),it can be seen that,

p(2t,x,x) = fM'p(t, x,Y)p(ty. x) p(dy) = Lpz(& x,y) p(dy)

> f pA(t,x.y) p(dy) = J p(t.x.y) p(dy)
B(x.CtL/) B(x.CtH)

1
V(x, ct/®)

1

2 —J
4V(x, ct'/®)
Among them,the second inequality is based on the Cauchy-Schwarz inequality,and the last inequality uses(9),so(7)is proved.

Next,we use(5)to prove a lower bound estimate for non-diagonal lines.First fix z € Mand apply condition(9)to f(-) = p(t, -, Z)

CadF (xy)

Ty 1P . 2, 10

lp(t.x2) —p(t.y.2)| <
It should be pointed out that p(t, -, z) € D(LB"' ‘:‘)by analytical properties of g—t£,
Note that
LBlap(t, -, z) = LB/ee=C/DLp(t/2, -, 2),
and

|| £Fee— DL < cstFle,

therefore
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[1L/D(t, -, 2) ||, < est ##|Ip(t/2, -, 2)||-
By the Holder inequality,we get

1 -1
lipct. . Dl < ot~ DI -2 1 P,

It is further known from(4)

Cs
lIp(t, -, 2)| | 5W,

And since e~t£is the symmetry of Markov semigroups,we know

”p(t:':z)lll =1,

Hence there is

llpCt, -, DI, < =

Pt = 2)lp = —a/m"
(v(z.t1/%))

Consequently
C'j’t_ﬂ"’a
”LB."“;J(t, 2|l = Tt
V(z, /<)
Based on(10),it can be concluded that

Aoy ( vzt P 1
Ipt%2) = p(t.y 'Z)Iﬂg( (7% ) (V(x:d(x.y))) V(z %)’

On the other hand,as can be seen from(7),

Co
p(t,z,z) = m.

So

deey)\'( Ve \7
Ip(t. x.2) — p(t, .2)| < r-'g( Ti/a ) (V(x, e, y))) p(t.z,z);.
Namely

doo Y\°( V(x, /@) \Y?
lp(t x, x) —p(t. y.x)| < f-'g( e ) (V(x,d(x,y))) p(t, x, %),
Further whend(x, y) < t1/2,we know from(2)

d(.l’, _}":l B—(d/p)

Ip(t, x, x) —p(t.y.x)| = Clo(tlT) p(t, x.x);.

As soon asd(x,y) < at'/for a small enough,one has
1

Ip(t.x. %) —p(t.x.y)| < 5p(t.x x),
So,there exists €37 = 0,such that when ¥ € B (x: at/ c[],there is

(t )3“1 txx) 2 2t

] I, = » I, X & ———
pLxy) =3P V(x, t4/%)
After that,we simply call(6) NLHK( ). To review,we say that the ] <condition holds if there is a positive symmetric function
J(x, y)such that for almost everywhere x, y € M,

J(dx, dy) = J(x, y) w(dx) p(dy),
And there is a constant ¢; > 0,such that for everywhere X, ¥ € M there is

Cy
10y < dyEy

We say that the CSJ(@)condition holds if there are constants Cp € (0,1]and €y, €3 > 0 such that for any 0< 17 <R,
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f € Fand almost everywhere x; € M.there is a truncation function @ € F,on B(xg, R) € B(xy, R + 1)such that the following

inequalities are true:

paee=c| (f0-1o) J@x.dy)

fg[xnﬂ-l-'[ 1+LCp)r) =ire
C;

+ f2 dp,

F B(xp.R+{(1+Cp)r)
Where T(-, -)is the square field operator corresponding to (€, F), U = B(xy, R + 1) \ B(x, R),
U* =B(x3, R+ (1+ Cg)r) \ B(xp, R — Cyr)and Fp, = F N L™(M, ).
We say that the measurable metric space (M, d, 1, €, F)satisfies the Faber-Krahn inequality FK(a),if there are positive numbers
C and Vsuch that for every ball B(x, r)and the open set D € B(x, 1),

M) 2= (VD))

where

A (D) = infr L

If13

From theorem 2.1,combined with[3,theorem 1.15],we have the following inference:

:feEFL

Corollary 2.2.Suppose (VD)and (RVD)are true,and if FK(a), Ja.<and CS](a)are true,then NLHK(a)is true.
3. An Equivalent Characterization of Lower Bound Estimates

In this section we assume V(x, 1) = rdthat is, €1, ¢, >0 exists,such that there is ¢;7% < V(x,1) < ¢ rfor any x € M,
r > 0.In this case, {UHK)becomes

P(t%,Y) < Co [z A o], (1)

And write(11)as UHK(a)-

The main conclusions of this section are:

Theorem 3.1.If the metric measure space (M, d, p)satisfies the VD condition,and JHK(er)holds,then the following two condi-
tions are equivalent:

(i) NLHK([I)iS true,that is,there are constants ¢y, €y > 0.for any t >( and almost everywhere y, y€E M.when
d(x,y) < cyt'/e,

p(t, x,y) = Cot—2/=, (12)

(ii) There existp >1, B > d/p, C; > 0,such that forany f € F, x, y € Mholds

| Flx)— ¥ < C1I|£ﬁ’“f||p-

dix,y) 8/

(13)
Prove. (i) = (i)is derived directly from theorem 2.1.Therefore,for the next major proof (i) = (ii).we adopt the proof idea

of]9,section 4].

Firstly,assuming that UHK(a)and NLHK(ar)are true,then there exists 1 € (0,1)such that for any ¢ > (,almost everywhere
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XV, Z €M ghere is

n
Ip(t, x, 2) — p(t, y,2)| < C,t~%* %} . (14)

For this purpose,we use[4,Proposition 3.8].

According to[3,theorem 1.15], UHK(ef)implies that ], <and Eg care true if there is a constant ¢; > 1 such that for any 7 >0
and x € Mo,there is

] [ R

Among them 1 (x,7) = inf{t >0: X, € B(x,1)}

We say that the near diagonal lower bound estimate NDL()of the Dirichlet heat kernel holds,if there are constants £ e (0,1)
and €p>1 such that for any XpEM,r>00<t< (er)?and B = B(x,, r).there is

pi(tx.y) = %

Where x,y € B(ID, Etl!'“) N M. The following proves that NDL(e)is true.In fact,given x5 € M, R > 0.let B = B(x,, R)
.According to Hunt’s formula,for any ¢ - ( and almost everywhere ¥, y € B(xp, R /2),there is

p(t. x,¥) = pB(t,x,3) + E(LparyP(t — T5. X 1))

As can be seen from UHK(a),there exists €3 > 0 such that for any y € B(xp, R/2).there is

E*(1gp<eP(t — T8, X ¥)) < Sup SUpP(s, ) < parg R‘”“
So ;
C3
PPt xy) = pt, xy) ~gFra
Nextlet x,y € B(xp, 8R), t = BR*where 8 = (Cp/2c3)% @ %and § < 1/2 satisfies 28R < cott/%,where €g, Cocomes

from(12).From NLHEK(a).it can be seen that

Co
p(t,xy) = FEIcy
Further,according to the selection of 8,we know that

C c3f C
B 0o O3 0
p (IJIJJ’) 2 td',‘a_ Rd‘l'ﬂ'- - th!’a'

Thus, NDL(g)holds.Thus,it can be inferred from[4,Proposition 3.8]that(14)holds

Next,we prove,forany 1 < p <+oo,t >0 and f € LP(M, p)and almost everywhere X, ¥ € M, there is
|e_m}"(X) — e"""’f{]})| < Cyd(x, y}’?fpt_”‘“llﬂlp, (15)

Where y = (d + 1) /p.In fact,for p,p > 1 satisfies 1/p +1/p = 1 there is

e *f(x) —e *f)| = jM (p(t.x.2) —p(t..2))f(2) u(-'iZJ|

< |lp@@.x. ) —pE& ¥, I -

Further,it can be seen from(14)

n
llp(t. x, ) —p(t, ¥, )] < Clt—dfa(dil}j’)) :
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On the other hand,by the Markov property of g—t£ there are

[lp(t.x,-) —p(t.y. )l < 2.

From the inequality Holder,we know

d(x, y} )"I;"P

Then(15)be proved.

Nowtake k > y/aand f € LP(M, y)-because
+oo

f=c(k) f t1ok e~thr dt,
0

So

oo
IF0) — FOI < (k) f et G — L)) e

+oo
= c(l) j tk—ll e~ (E/DLLkg—E/DLE(x) — e—(t[Z}LLkE—(t[Z)Lf{y)l dt.
0

Finally,it can be inferred from(15)that

100
£ — F)I< Cod(x, y)7P j | e O

By using the difference theorem(see!™,Proposition 4.3]for details),the desired conclusion (j{)can be proven to hold.
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